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A SECOND INVERSE PROBLEM OF THE CALCULUS OF 

VARIATIONS* 

By Cakl Eben Stromquist 

The simplest problem in the calculus of variations is the following : 
Given an integral 

(1) /=/ gix,y,p)dx, wherej? = ^, 

to find a curve y = y(x) which joins two given fixed points and renders this 
integral a minimum. A first necessary condition for a minimum is that 
y = y{x) must satisfy the Euler differential equation 

(2) y"9pp + P9pv + 9px -9y = ^, 

where y" = d^yjdx^ and the subscripts denote partial differentiation. The 
two-parameter family of curves 

(3) y = y{x, a, /3) 

which the differential equation (2) yields is called the family of extremals of 
the integral /. 

The so-called inverse problem of the calculus of variations arises when a 
two-parameter family of curves 

y = y{x, a, /3), 
and hence their differential equation 

(*) y" = </>(«, y,i>), 

*Bead before the American Mathematical Society, April 27, 1907. 

(67) 
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are given and one seeks to determine the integrand g(x, y,p) so that the 
given fanoily of curves (3) will be extremals for the integral 



rx, 
= / g{x,y,p)dx. 



The inverse problem in this general form has been discussed by Dar- 
boux.* If the extremals are to be the solutions of equation (4), the value of 
y" substituted in (2) must reduce this equation to an identity in x, y, p and 
henoe the equation 

<\>{x, y, p)gpp + pyj^ + g^^ -9v = ^ 

will be a differential equation for g. As there are an infinite number of values 
of g which will satisfy this differential equation, the inverse problem has in 
general an infinite number of solutions. Completely to determine g some 
farther conditions must therefore be imposed. It has been shown t that in 
the cases where straight lines or circles with centers on the x-axis are extre- 
mals, if the further condition be imposed that exti-emals are perpendicular to 
their transversals, then the function g is completely determined aside from a 
constant &ctor. The condition of transversality is a relation between the 
variables x, y,p, P, where ^ is the slope of the extremal at the point (a;, y), 
and P the slope of the curve cutting the extremal transversally at that point. 
The equation expressing this relation is in fact % 

(5) 9{^^y,p) + {P-p)9p{^,y^p)=^^ 

which when solved for P takes the form§ 

(6) P=e(x,y,p). 

We have seen above that when the integral (1) is given the extremals (3) 
can always be determined, or inversely when the family of curves (3) is given 
then an integral with these as extremals can always be found. 

• DarboQX, Lecons, toI. 3, p. 53. Sec also Bolza, Lectures on the Calculus of Variations, 
p. 30. 

t Stromquist, Transactions Amer. Math. Society, vol. 7 (1906), p. 181. 

t Bolza, loc. cit., pp. 36, 106, 172. Geometrically stated, two transversals to the same 
set of extremals are two curves which intercept on the extremals arcs along which the integral 
under consideration has a constant value. 

§ It is supposed in what follows that the function e and its first partial derivatives exist 
and are continuous in x, y, p and that p — d ;£ 0. 
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A second inverse problem in connection with the integral (1) is the follow- 
ing : If a relation of the form («)) is given, i. e., the relation between the direc- 
tion whose slope is p and the direction transverse to it at each point of the plane, 
then will it always be possible to determine an integral (1) whose extremals and 
transversals satisfy the given relation ? It will be shown in §1 that a function 
S' giving rise to the relation («) can always be determined, and the further 
conditions which insure that it is uniquely determined will be derived. In §2 
the results of §1 will be applied to some examples. 

1. Determination of the integral corresponding to a given 
relation of transversality. If the integral (1) is to have the equation (6) 
as its relation of transversality then it is evident from (5) that the integrand 
y must be a solution of the equation 

9{=^^ U^P) + i^(a;, y,p) -p\9p{x, y,p) =0 

for all values of x, y, p. This is a linear differential equation for g which is 
easily integrated. The solution has the form 

(7) g = ^ir{x, y)e^, 

where A = ^r-r^ ^. 

Jo p-e{x, y,p) 

and y^ix, y) is an arbitrary function of x and y. We thus have as a first 
result : If an integrcd 

rx, 

i=\ gi^yihpyix 

has the equation 

P^0{x,y,p) 

as its relation of transversality , then the integrand g must be of the form 

g = yjr(x, y)e^, 

where A— l ^ 

Jo p-0{x,y,p) 

and yjr^x, y) is an arbitrary function of x and y. 
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In order to determine the arbitrary function ■^(x, y) which enters into 
the expression for g, suppose that it be further required that a one-parameter 
family of curves 
(8) y = y{«, 7) 

be given which shall be extremals for the integral /. It is well known that if 
along an arc of one of these extremals the derivative dy/dy is different from 
zero then a neighborhood of that arc can be found which is simply covered by 
the extremals (8) and which constitutes a so-called field.* Let us suppose 
that such a field has been found. Then at each point (x, y) of the field the 
equation (8) has a solution 

7 = 7(35, y), 

which gives the value of 7 for the extremal of the family which passes through 
that point. The slope of the extremal at the point (cc, y) has the value 

(9) p-'^^ = ''^'''T'^^ -pi^^y)^ 

and the second derivative of y is 

(10) y"=Px+PPr 

Hence, if the given relation (6) is to exist between the directions of the ex- 
tremals and transversals and if further y = y{x, 7) is to be a one-parameter 
tamil}^ of extremals for the integral (1), then the Euler differential equation 
(2) must be satisfied identicalh' when the value of g given by (7) and the 
value of?/" given hy (10) are substituted. The Euler equation then becomes 

where the va\uQ p{x, y) from o(]uation (9) is to be substituted for^. Equa- 
tion (11) is a partial differential ecjuation of the first order for the function ■^. 
It can be written in the form 

(12) >/r, + 0^/r^ + /f (X, y)Vr = 0, 

*Bolza, loc. cit., §19; Osgood. Annals ok Mathematics, ser. 2, vol. 2, p. 112; Gonrsat, 
Cours d' Analyse, vol. 2, ^451. See also these references for conditions of continuity etc. 
that must be satisfied by y{x, y). 
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where 

It is evident that this equation still does not uniquely determine the 
function yjr. 

In order to integrate equation (12) we have the auxiliary set of equa- 
tions * 



(13) 


dx 

T '' 


dy dyfr 


- -K{x,y)^- 


Let the solution of 




.. = * 


be taken in the form 






(14) 




u{x, y) = c. 



If this is solved for y in terms of x and c giving y = ti(x, c) then the solu- 
tion of 

d-\}t dx 



- K(x, r,H 1 
will be of the form 
(14') f • v{x, y) =ci, 

where v is a particular solution of the equation 

^-A(x,,)t; = 0. 

and is found by solving this equation regarding c as a constant and afterwards 
replacing c by the function ii{x, y). Then the most general solution of 
equation (12) is 
(15) ^ . v{x, y) = W{u), 

* Darboui, loc. cit., vol. 3, p. 66; Jordan, Cours d" Analyse, vol. 3, §242. 
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where Wis an arbitrary function of m. Equation (7) now reduces to 

(16) ^(-'^'^)=^-^' 

where A = I rr-r^ r . 

JoP- 6{x, y, p) 

Here u and v are known functions of x and y but W is an arbitrary function 
of «. 

It is to be observed that any curve « = c is a transversal in the field of ex- 
tremals (8) since it is the solution of dyjdx = 6. If the value of I is given 
along any curve of the field which is not one of these transversals or tangent 
to one of them, then the function W{u), and consequently g{x, y, p), is 
uniquely determined. For along such a curve, y = y(x), the derivative 

du du Bu dy 
dx dx dy dx 

is different from zero so that u is an always increasing (or always decreasing) 
function of x along the curve, and conversely x is an always increasing- (or 
always decreasing) function x — x(u) of u. Since now /is an assigned func- 
tion of a; along the curve y = y{x) it follows that dl/dx = g in equation (16) 
is uniquely determined. Hence if we substitute in the right hand member of 
equation (16) y = y(x) and p = y'(x), and then replace x by the function 
X = x{tt), the result will be an identity in u which uniquely detei-mines the 
function W. We have then attained the following result : 

J^ besides the relation of transversality (6) it is also prescribed that the 
integral I shall have a one-parameter family of curves y = y{x, 7) (8) arbi- 
trarily chosen, as extrejnals, then the function ■>fr(x, y) in equation (7) must 
satisfy a partial differential equation (12). TTie value of-^(x, y) is completely 
determined if in a field composed of extremals (8) the value of the integral I 
as a function oj x is given along any curve which is not tangent at any point 
to a transversal of the f eld. 

2. Examples. In this section the above results will be applied to 
some examples. 
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Example 1 . Consider the case where the extremals and transversals are 
perpendicular, i. e., where 

(17) P=d = --. 

P 

It follows readily from equation (7) that then g must have the form 

(18) 9 = ^{x,y)\jrVf, 

and equation (11), from which i^ ia to be found, becomes 

(19) {p, + ppy)^ + (1 + P^) (pf, - Vr,) = 0. 

Example la. Suppose it be further required that the one-parameter 
family of straight lines through the fixed point Po{xq, Vo) . viz. 

y -ya = m{x~xl), 

be extremals. Since then 

_^y _ _y — Vo 

ixoc X ""■ Xn 

it follows that 

Pz +i>i>y=0, 

and hence equation (19) becomes 

(20) {y - y,)ir^ - (X - Xo)yjr^ = 0. 

The auxiliary set of equations to be integrated in this case is 

dx dy dyjr 

T ^ _x-Xo ^ "O"' 

from which are obtained the following results — corresponding to equations 
(14) and (14') .— 

(21) u=(x-Xo)^+ (y-yoy = <^, 
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hence the general solution of equation (19) — corresponding to equation 
(15)— is 

In this case, therefore, g must have tiie form 



ffi^' y>i>) = Tr(w)Vi +p^. 

The transversals, as is seen from equation (21), are a family of circles with 
centres at the given point (xq, y^) . Suppose that along some curve L which 
passes through (Xq, y^) and is not tangent at any point to one of these trans- 
versals the value of the integral 



/ gdx=l >r(«)vTTpdx 

Jxi Jxi 



be equal to the integral / Vl + JP^ dx. It then follows by differentiating for 
X that for all values of u along the given curve, W{u) = 1. Hence g is com- 
pletely determined and must be of the form g = >J\ -\- p^ &t least for all points 
in a circle about (xo, y^) as a centre and with the largest value of m on X as a 
radius. 

Those results have an interesting application in the theory of plane geom- 
etry. We may assume that the elements of our geometry are the number 
pairs («, y) and may then define length * along any curve to be given by an 
integral of the form 

(22) 7= fg(x,y,p) dx. 



The nature of the geometry is then determined by the character of the func- 
tion g and in the special case when g has the form ^1 + p^ we get the ordinary 
theory of Euclidean geometry. The extremals for the integral (22) play the 
role of the straight lines in the ordinary geometry and the circles about a point 
Pq correspond to the transversals to the one-parameter family of extremals 
through Po- 3?he condition of transversality (6) is then a relation between 

* This is practically the standpoint of Hamel in his dissertation, 06ttingen, 1901. See 
also Transactions Amer. Math. Society, vol. 7 (1906), p. 176, third foot-note. 
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the directions of a shortest line and a circle. With these geometrical notions, 
the above results can be stated as follows : 

If the length of an are of a curve from {x^, yi) to {x, y) be defined as the 

value of the integral I = I g{x,y,p) dx, and if circles are required to be 

perpendicular to their radii (». e. , transversals perpendicular to extremals) , 
then g must be of the form g s: ■>jr{x, y) Vl + p^. If it be further true that 
there is a single point J*q su4;h that the one-parameter family of shortest lines 
through Pq *'"* «^' straight lines and if the integral I takes the same values as 
the Euclidean length integral along a single cui-ve through the point P^ and not 
tangent to any of the circles about Pq, then it follows that I munt be everywhere 

equal to I Vl + p^ dx. 

Example lb. If it be required that the one-parameter family of circles 
with centres on the x-axis and passing through the point (x^, y^) , viz. 

(23) ai« - «» + y« - y? - 2a(« - x^) = 0, 
be extremals, then equation (19) reduces to 

(24) I {X - x^y - (y* - yl) \f, + %y(x - Xo)f„ + 2(x - x^)^ = 0. 
The equations corresponding to equations (14) and (14') are in this case 

y 

y .^ = c^. 
Hence the most general solution of equation (24) is 

and therefore g must have the form 

9=-W{u)yJTTW\ 
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In a manner analogous to that of the preceding example it can now be 
shown that, if we further require that along a single curve through the point 
(35o> yo) and not tangent to a transversal the value of 

/ gdx = l -W(:u)>J\ + p^dx 
be equal to 



Jx, 



1 , 

-VI +p^dx, 



then g is completely determined and the integral / must have the form 

This is the form of the length integral obtained by a conformal transformation 
of the pseudo-sphere upon the plane.* We have therefore obtained the fol- 
lowing result : 

If it be required that circles are perpendicular to their radii (t. e., trans- 
versals perpendicular to extremals) and also that a one-parameter family of ex- 
tremals through P„ be the circles through this point and with centres on the 
X-axis, then it follows that the integral I is uniquely determined and has the 
form 



'=^£1'^'+^'''^' 



i. e., has the form of the length integral obtained by a conformal transformation 
of the pseudo-sphere upon the plane, provided that the integral has this value 
along a single curve through I\ which is not tangent to any of the circles 
(^transversals) about Pq. 

Example 2. The case where a linear fractional relation, 

(25) P^eix,y,p)=-.^1^^, 

exists between P and p naturally suggests itself. Here a, b, c, d are func- 
tions of x and y. It follows from equation (5) that g in this case must be a 

• See Transactions, loc. cit., p. 181. 
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solution of the linear differential equation 

dg _ (cp + d)dp 
~g ~ cp2 + {d- a)p - b 

for all values of x and y. This is readily integrated and the solution has the 

form 

' + ■' „ 

(26) g(x,7/,p)=ylr(x,y)\/ep^+(d-a)p-b-e' , 

where 

if (ip^ + (d — a)p — 6 is a definite quadratic form, or 

//= 1^ 2cp + d-a-Vq 
\/q 2cp + d — a + \/q 

if cp^ + (d — a)p — 6 is an indefinite quadratic form. Here q= (d — a)^ + 46c. 
If cp^ + (d — a)p — 6 is a semi-definite quadratic form, then 

d + a 

g = 1^(35, y) (2cp ■\- d — a)c "-'v + d-a^ 

Example 3, It is well known from the theory of surfaces* that if the 
line element of a surface be of the form 

gdx = \/E + -IFp + Gp- dx, 

where x and y are the arguments of E, F, G in place of the ordinary u and v, 
then the condition that a family of curves 

4>i{x, y) = constant 

shall be the orthogonal trajectories of a given famih' of curves 

</*i(*> !/) — constant 



is that 



jy_ -Fp-E 

Gp + F ' 



* Bianchi, Vorlesungen uber Differentialgeometrie, p. 66. 
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where 

d<f>i d<f>2 

d<t>i 8^2 

ay ly 

From equation (26) of the preceding example it follows at once that if it be 
required that the condition of orthogonality of two curves on a surface be 

-Fp-E 
Op-\- F ' 

where E, F, G are functions of the parameters x and y of the surface, then the 
line element of the surface must have the form 

gdx = ■f{x, y)>jE + 2Fp + Gp^ dx. 

Example 4. As, a further special case of example 2, it follows readily 
that if extremals and transversals cut at a constant angle fi = tan~^ h, i. e., if 

then the integrand g mast have the form 

g = ■^{x, .v)c^'*° y/l +/•'. 

In this case if a one-parameter family of straight lines through the origin, 
y= mx, be extremals then it follows that the transversals will be the spirals 

'tan-'- -i 

V.X* + y* • e* " = c or p = ce k. 
If the circles x- + y^ — 2ax = are extremals the transversals are the circles 

{x - cy + (y- cky = c«(l + k^). 
If the circles a;"^ + y"^ = a- are extremals the transversals are the spirals 



Vx* + y^ e-*ta»" i = c or p = ce''". 



Princeton, N. J., 
June, 1!»07. 



